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deconvolution [Chapter 5]

Continuous-Domain Gaussian
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[1] williams WL et al., “LOFAR 150-MHz observations of the Bodtes field: catalogue and source counts.”, Monthly Notices of the Royal Astronomical Society, 2016
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arg min F(y, Ax) + R(x) y = Ax +n
xERN
S argmin FE(y, ®(m)) + R(m) y = (I)(f) +n

meM(R4)

—  Compressed sensing theory
—  Representer theorems

for
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hapter 7
1. The PolyCLEAN Journey L Chapter

a. Polyatomic Frank-Wolfe .
for the LASSO

b. A competitive Imaging Framework
2. Reconstruction beyond the Grid
a. Another Polyatomic Approach

b. Decoupling of Composite
Sparse-plus-Smooth problems

3. Conclusion

[ Credits: C. Tasse and the LOFAR surveys team.]



Radio Interferometric Imaging 1

LOFAR baselines
(48 stations)

2000

V=&I +¢

-42°

V (wavelengths)

—2000

—4000

—-4000 —-2000 0 FOV
U (wavelengths)

-44°

geometric .
delay

367 30m 2am
RA-SIN

Catalogue Bootes field i

1h10m oo™ oPsom

ggl {)2 i:)aselin(::: ooe lgs sage
Z1 ()= Z2(t) (@)
M31 from RASCIL

[1] williams WL et al., “LOFAR 150-MHz observations of the Bodtes field: catalogue and source counts.”, Monthly Notices of the Royal Astronomical Society, 2016
[2] Van der Veen et al. “Signal Processing for Radio Astronomy”, 2019 [ Credits: C. Tasse and the LOFAR surveys team.]
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Radio Interferometric Imaging - Dirty Image
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[1] williams WL et al., “LOFAR 150-MHz observations of the Bodtes field: catalogue and source counts.”, Monthly Notices of the Royal Astronomical Society, 2016
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Classical Approaches
The CLEAN family" Optimization-based Methods"”

arg min —||y ®I||5 + R(I)
IeRN

Controlled solutions, versatile priors,

e ,, " lm " d ’ excellent results, additional tools
ntuitive and simple method,

long-developed and fast
X Sensitive to stop, objective function
unclear, physically impossible artefacts

[3] Hogbom JA., “Aperture Synthesis with a Non-Regular Distribution of Interferometer Baselines”, [4] Wiaux Y. et al., “Compressed sensing imaging techniques for radio interferometry”, Monthly Notices of
Astronomy and Astrophysics Supplement Series, 1974. the Royal Astronomical Society, 2009.
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Classical Approaches

The CLEAN Family"” Optimization-based Methods™
’4// ; = 7 i‘ &’_v LR
| V. argmin _ly — ®1J3 +[A 1],
Ip ol TR VT LeRN

LASSO

: i R 1 Controlled solutions, versatile priors,
ntuiti dw , l thod excellent results, additional tools
ntuitive and simple method,
long-.d.eveloped anclzlj.Fast. ¢ , Y Numerically heavy, little adoption in the
X Sensitive to stop, objective function Field

unclear, physically impossible artefacts

[3] Hogbom JA., “Aperture Synthesis with a Non-Regular Distribution of Interferometer Baselines”, [4] Wiaux Y. et al., “Compressed sensing imaging techniques for radio interferometry”, Monthly Notices of
Astronomy and Astrophysics Supplement Series, 1974. the Royal Astronomical Society, 2009.
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Chapter 3
1. The PolyCLEAN Journey -
a. Polyatomic Frank-Wolfe
For the LASSO
b. A competitive Imaging Framework

2. Reconstruction beyond the Grid
a. Another Polyatomic Approach

b. Decoupling of Composite
Sparse-plus-Smooth problems

3. Conclusion
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The Vanilla Fran

K-Wolfe Algorithm

arg min J (x)
xeD

Algorithm 1: Vanilla Frank-Wolfe algorithm "

Initialize xg € D

for k=1,2--- do

[5] Frank M, Wolfe P., “An algorithm for quadratic programming”, Naval Research Logistics Quarterly, 1956.

Adrian Jarret
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J :Convex, differentiable
D : Convex, bounded domain



The Vanilla Frank-Wolfe Algorithm

arg min J(x)
xeD

Algorithm 1: Vanilla Frank-Wolfe algorithm "

Initialize xg € D

for k=1,2--- do

1) Find an update direction:
sk € arg min J(xx) + (VI (xk), (s — xx))
seD
2.a) Step size: v + 2/(k + 2)
2.b) Reweight:
X ¢ (1 — )Xk + VesSe = Xk + V(S — Xi)

[5] Frank M, Wolfe P., “An algorithm for quadratic programming”, Naval Research Logistics Quarterly, 1956.

Adrian Jarret
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J :Convex, differentiable
D : Convex
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The Vanilla Frank-Wolfe Algorithm

arg min J(x) e J :Convex, differentiable
xeD e D :Convex

Algorithm 1: Vanilla Frank-Wolfe algorithm "

Initialize xg € D
for k=1,2--- do

1) Find an update direction:

Si € arg rir)lin J(xx) + (VI (xx), (s — xx))
se

2.a) Step size: vy, < 2/(k + 2)
2.b) Reweight:

xg < (1 — vk)Xk + Sk = Xk + Ve(Sk — Xk) Convergence™
J(xk) =T = O(1/k)
[6] Jaggi M., “Revisiting Frank-Wolfe: Projection-Free Sparse Convex Optimization”, Proceedings of the 30th International Conference on Machine Learning, PMLR, 2013.
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Frank-Wolfe For the LASSO

[7,8]

. 1
argmin 7 (x) i= ©ly — Ax[3 + Alx])
xRN

Empirical dual certificate

Algorithm 2: Vanilla Frank-Wolfe algorithm

Initialize xg € D
for k=1,2--- do

]‘ *
N = XA (Y - Axk)

Canonical basis vector

0 20 40 60 80 100

[7] Denoyelle Q et al. “The sliding Frank-Wolfe algorithm and its application to super-resolution microscopy”, Inverse Problems, 2019.
[8] Harchaoui Z. et al., “Conditional gradient algorithms for machine learning”, NIPS Workshop on Optimization for ML, 2013.
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Our Polyatomic Frank-Wolfe Algorithm

. 1
argmin 7 (3) 1= 21y — Ax[3 + Al
xRN

Algorithm 3: Polyatomic Frank-Wolfe algorithm of quality 6"

Initialize xg € D, Sy = 0
for k=1,2--- do

0 20 40 60 80 100

[9] Jarret A, Fageot J, Simeoni M. “A Fast and Scalable Polyatomic Frank-Wolfe Algorithm for the LASSO", IEEE Signal Processing Letters, 2022.
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Our Polyatomic Frank-Wolfe Algorithm

. 1
argmin 7 (3) 1= 21y — Ax[3 + Al
xRN

Algorithm 3: Polyatomic Frank-Wolfe algorithm of quality 6"

Initialize xg € D, Sy = 0
for k=1,2--- do

1) Find update directions:

T {1 <j < N2 nelfll > Inlloo — 9/K}
Sp — Sp_1 UZy

2) Reweight: 0 20 40 60 80 100
Xk ¢ argmin %”y_AX||%+>‘”X||1 \
Supp(x)CSk
|Sk| < N

[9] Jarret A, Fageot J, Simeoni M. “A Fast and Scalable Polyatomic Frank-Wolfe Algorithm for the LASSO", IEEE Signal Processing Letters, 2022.
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Benefits of Polyatomic Frank-Wolfe

e Polyatomic —> Sk Sp_1UT,
Al k] [k

e Sparse iterates — xp =y a)lel
=1

e (Convergence —

2
Theorem 3.2 (Convergence of Polyatomic FW)EQ] Jxp)—-TJ" < m(Cf+25)

[9] Jarret A, Fageot J, Simeoni M. “A Fast and Scalable Polyatomic Frank-Wolfe Algorithm for the LASSO", IEEE Signal Processing Letters, 2022.
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Chapter 8

1. The PolyCLEAN Journey

a. Polyatomic Frank-Wolfe
for the LASSO

ore . PolyCLEAN . ) WS-CLEAN
b. A Competitive Imaging Framework ;

2. Reconstruction beyond the Grid
a. Another Polyatomic Approach

b. Decoupling of Composite
Sparse-plus-Smooth problems

3. Conclusion

1"10m oo™ ohsom 1h10™ oom ohsom



What's in the name? “PolyCLEAN" V==2I+e

1
Algorithm 8.1: PolyCLEAN of quality 0<0 <1 arg min o IV - ®I|5+ A1]1
IerRN

Initialize: Ip —0,S) — @,A—(1-9)[|®*V|

for k=0,1,2,... do
Dirty residual: 7; — ®* (V- ®(I;)) << Empirical dual certificate

1.a. Polyatomic exploration:

Tk ={1<j<N:lmlj = |ne| - 20/ (k+2)}
1.b. Update active indices:

Ska1 — Sk ULk

2. Update active weights:

I — argmin 3 [V—@II5+ Al
Supp(M<Si+1

Output:
Postprocess I¥) (e.g., convolution with synthetic beam, add residual image)
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What's in the name? “PolyCLEAN" V==2I+e

1
Algorithm 8.1: PolyCLEAN of quality 0<0 <1 arg min o IV - ®I|5+ A1]1
IerRN

Initialize: Iy — 0,8y — @,A — (1-6) [|®* V],

for k=0,1,2,... do
Dirty residual: 7; — ®* (V- ®(I;)) <t Empirical dual certificate

1.a. Polyatomic exploration:
Tk ={1<j<N:lmlj = |ne| - 20/ (k+2)}

1.b. Update active indices: \ Polvatomic
Ska1 — Sk ULk y

Frank-Wolfe
2. Update active weights: —
Iy, < argmin %IIV—(I)III§+/1IIIII1 — StepS
Supp@cSi+1

~ Major cycles of CLEAN

Output:
Postprocess I (e.g., convolution with synthetic beam, add residual image)

Adrian Jarret PhD Defense - 12.06.2025 21



Symbiosis with HVOX"

Sparsity-aware implementation
of the forward operator:

V =Pl +¢

NU Fourier sum: V, = E wi,je_<xi’j"’f>
(]

[10] Kashani S, Queralt JR, Jarret A, Simeoni M. “HVOX: Scalable Interferometric Synthesis and Analysis of Spherical Sky Maps”, ArXiV pre-print, 2023.
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A Fast Reconstruction Method

Source

Dirty image

e

rrrrrrrr <

Varying number of
baselines

PolyCLEAN CLEAN

[11] Jarret A et al., “PolyCLEAN: Atomic optimization for super-resolution imaging and uncertainty estimation in radio interferometry”, Astronomy & Astrophysics, 2025.
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A Fast Reconstruction Method
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[11] Jarret A et al., “PolyCLEAN: Atomic optimization for super-resolution imaging and uncertainty estimation in radio interferometry”, Astronomy & Astrophysics, 2025.
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Towards Uncertainty Estimation

37*

3504

Catalogue Boodtes field Empirical dual certificate

[11] Jarret A et al., “PolyCLEAN: Atomic optimization for super-resolution imaging and uncertainty estimation in radio interferometry”, Astronomy & Astrophysics, 2025.
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Towards Uncertainty Estimation 7= BV - @)

2°30

31°45°

14746™ “m a" O~

Dual certificate CLEAN reconstruction

[11] Jarret A et al., “PolyCLEAN: Atomic optimization for super-resolution imaging and uncertainty estimation in radio interferometry”, Astronomy & Astrophysics, 2025.
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Towards Uncertainty Estimation 7= BV - @)

a4m 42m 40m

Certificate-based

Dual certificate :
representation

[11] Jarret A et al., “PolyCLEAN: Atomic optimization for super-resolution imaging and uncertainty estimation in radio interferometry”, Astronomy & Astrophysics, 2025.
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Summary

— M Design of optimization algorithm — Real world application

0
Il

o

Best of both worlds:

Benefits of CLEAN — Atomic, fast
Benefits of convex optimization — Accurate
Sparsity-aware processing (HVOX) — Numerical efficiency

Question of resolution
— CLEAN beam is too coarse, certificate beam is data-inspired

Adrian Jarret PhD Defense - 12.06.2025 28



Chapter 4

1. The PolyCLEAN Journey

a. Polyatomic Frank-Wolfe
for the LASSO

./'
b. A competitive Imaging Framework . -

2. Reconstruction beyond the Grid B
a. Another Polyatomic Approach -t / I e
b. Decoupling of Composite . Y1 T1T-1 T
Sparse-plus-Smooth problems . 1 /?- .
3. Conclusion R
] ! . X\' ] ]

[ Credits: H. Pan et al., “LEAP”, A&A, 2017.]



The B-LASSO Problem {

y = Ax+n X:||

|
arg min <[y — ®(m)||3 + |m|| s
meM(X)

[mllm = sup (m, p)
[12] Bredies K, Pikkarainen HK. “Inverse problems in spaces of measures”, ESAIM: COCV, 2013. (PECO (X),“QOH co=1
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The B-LASSO Problem

1
arg min 2y — ®(m)[3 + Al
meM(X)

]

e Representer theorem™: e LASSO counterpart:

x - .
m* = mla, x| = Z%%i [mla, x]||m = |lall1
1

acRE xexX K<L

[12] Bredies K, Pikkarainen HK. “Inverse problems in spaces of measures”, ESAIM: COCV, 2013.
[13] Unser M. “A Unifying Representer Theorem for Inverse Problems and Machine Learning”, Foundations of Computational Mathematics, 2020.
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Chapter 5

1. The PolyCLEAN Journey

a. Polyatomic Frank-Wolfe
for the LASSO

b. A competitive Imaging Framework vl . ; * cous T
2. Reconstruction beyond the Grid i

a. Another Polyatomic Approach ; * ; * ’

b. Decoupling of Composite | | x x

Sparse-plus-Smooth problems

3. Conclusion —
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Our Polyatomic
Algorithm
(once again)

[X] Jarret A. et al., Article in preparation.

Adrian Jarret

Algorithm 5.4: Polyatomic Frank-Wolfe Algorithm for the B-LASSO

Initialize: my — Oprqx), So— @
for k=1,2,... do

Empirical dual certificate: ny_; < %(I)* (y—®(my-1))

1.a) Candidate search:
Ty —Find_candidates(ni-1)
1.b) Update active locations:

Xi-1/2 < Xg—1 ® Ly

2) Full correction of the amplitudes:

.1 2
ar_1/2 € argmin 3 |[y—®x,_,,, (@) [ +Alal,
acRMk

3) (Optional) Sliding step:
Find a local minimum of the problem

: 1 2
(ap,XK) € argmin  — [[y—-®@,_,, @]+ Allal;
(a,x) RNk x X Nk
with initialization (ar_1/2,Xr_1/2)-

Prune the active set:
Xj — Prune(aj,xy)

PhD Defense - 12.06.2025 33



Algorithm 5.4: Polyatomic Frank-Wolfe Algorithm for the B-LASSO

Our PO lya tomlc Initialize: my — Orqx), So — @

Algorithm for k=1,2... do

Critical step!

1 Empirical dual certificate: n;_; — 1 ®* (y— ®(m;_1)
(once again) pirical dual cerificate: i1 — 10" (v~ @(me-y

1.a) Candidate search:
| Ty —Find_candidates(ny-1) ||
/ 1.b) Update active locations:
Polyitomlc Xi—1/2 ~ Xk-1 @ L | Dual certificate 7)0
step

0.0 0.2 0.4 0.6 0.8 1.0

Prune the active set:

Xj — Prune(aj,xy)
[X] Jarret A. et al., Article in preparation.
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Our Polyatomic
Algorithm

Algorithm 5.4: Polyatomic Frank-Wolfe Algorithm for the B-LASSO

Initialize: my — Oprqx), So— @
for k=1,2,... do

Empirical dual certificate: ng_1 — 7 ®@* (y— ®(mi_1))

(once again)

Polyatomic /

step

1.a) Candidate search:
Ty —Find_candidates(ni-1)
1.b) Update active locations:
Xg-1/2 X1 9 L
2) Full correction of the amplitudes:
.1 2
| apeE aigegllvlkn 5 ly—@x.. @[5+ Allal,

Same full __—— |

correction

[X] Jarret A. et al., Article in preparation.

Adrian Jarret

Prune the active set:
Xj — Prune(aj,xy)

PhD Defense - 12.06.2025
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Our Polyatomic
Algorithm

Algorithm 5.4: Polyatomic Frank-Wolfe Algorithm for the B-LASSO

Init

for

ialize: mg — Orqx), So— @
k=1,2,... do

Empirical dual certificate: ng_1 — 7 ®@* (y— ®(mi_1))

(once again)

/ - o
/ 1.b) Update active locations:
Polyatomic Xg-1/2 < Xk-1 9 L

1.a) Candidate search:

Ty —Find_candidates(ny-1)

step

2)

/

Full correction of the amplitudes:

.1 2
ag_1/2 € argmin ; [|y— @x,_,,, @] +Allal;
geRNk

Samefull __—— |

correction

Optional __——
sliding

3) (Optional) Sliding step:

Find a local minimum of the problem

; 1 2
(ap,xp) € argmin = [y- @, @]+ Allal;
(ax) RNk x XNk

with initialization (ar_1/2,Xr_1/2)-

[X] Jarret A. et al., Article in preparation.

Adrian Jarret

Prune the active set:
Xj — Prune(aj,xy)

PhD Defense - 12.06.2025
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Promising Results

—— SFW
—+— SFW_PSO
1 —— PFW
—+— SlidingPFW
102 -
0
()
£
l_

10! 1

15 25 35 45 55 65 75

Number of impulses
[X] Jarret A. et al., Article in preparation.
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Chapter 6

1. The PolyCLEAN Journey

a. Polyatomic Frank-Wolfe
for the LASSO

b. A competitive Imaging Framework
2. Reconstruction beyond the Grid
a. Another Polyatomic Approach

b. Decoupling of Composite

Sparse-plus-Smooth problems

0.0 0.2 0.4 0.6 0.8 1.0

3. Conclusion
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Sparse-plus-Smooth Problems

GLEAM survey of the radio sky, J2000 coordinates

Adrian Jarret PhD Defense - 12.06.2025

(

-

9h37min15.21s, 50°25'03.1"

)
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Sparse-plus-Smooth Problems

51

SJ{—I—S

T
2

Smooth background

[8] Jarret A et al. “A Decoupled Approach for Composite Sparse-Plus-Smooth Penalized Optimization”, 32nd European Signal Processing Conference (EUSIPCO), 2024

Adrian Jarret
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Sparse-plus-Smooth Problems

I

Dirty Image

[8] Jarret A et al. “A Decoupled Approach for Composite Sparse-Plus-Smooth Penalized Optimization”, 32nd European Signal Processing Conference (EUSIPCO), 2024

Adrian Jarret
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Sparse-plus-Smooth Problems

S?M . i LASSO
91 51

LASSO reconstruction

[8] Jarret A et al. “A Decoupled Approach for Composite Sparse-Plus-Smooth Penalized Optimization”, 32nd European Signal Processing Conference (EUSIPCO), 2024

Adrian Jarret PhD Defense - 12.06.2025

42



Sparse-plus-Smooth Problems arg min J (51, 52)

51,52

Composite model

[8] Jarret A et al. “A Decoupled Approach for Composite Sparse-Plus-Smooth Penalized Optimization”, 32nd European Signal Processing Conference (EUSIPCO), 2024

Adrian Jarret PhD Defense - 12.06.2025
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Composite Representer Theorem (in the literature)

, 1 Ao .
arg min gy — ®(s1 + s2)ll5 + Al [+ 7||82||%2
s1,82€M(X)xLa(X)

- [14]
o s
51 = mla®, x"] | il — T 4
Representer theorem'”: <
e s, — Smooth quadratic solution
S5 = ®*u”
\

[13] Debarre T et al.”Continuous-Domain Formulation of Inverse Problems for Composite Sparse-Plus-Smooth Signals”, IEEE Open Journal of Signal Processing, 2021.
[14] Unser M et al., “Splines Are Universal Solutions of Linear Inverse Problems with Generalized TV Regularization”, SIAM Review, 2017.
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Our Composite Representer Theorem

. 1 A2
arg min §||Y — ®(s1 + 32)||% + Axl[s1fm + = ||32||L2
51,82EM(X)xLa(X)
Our Representer | [ € ars min SV (y — (s )3+ Ml 1
s1€B My, =+ (D" + \ol})

Theorem

R 1 w=8(7)
[Theorem 6.1] Sog = —®" M, (y W)
\ A2
—  Decoupled reconstruction procedure
Consequences:
—  Scaling of regularization parameters

Adrian Jarret

PhD Defense - 12.06.2025
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Advantages of a Decoupled Approach S Lt

I ®D(sH 2
=z 103_
h‘\/ —¥— SSO —¥— BLASSO
—&— Composite —&— Composite
—e— NDCP-Composite —e— NDCP-Composite
s 102 4 E 102 7]
Q
QEJ kv——-‘\,\_ — E
= i =
‘—\/‘/‘/‘ 101'
101" . . . . . . . . T T T T T T T T T
05 10 15 20 25 30 35 40 4 6 8 10 12 14 16 18 20
Super-resolution factor srf
Contrast rq>
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1. The PolyCLEAN Journey

a. Polyatomic Frank-Wolfe
for the LASSO

b. A competitive Imaging Framework
2. Reconstruction beyond the Grid

a. Another Polyatomic Approach

b. Decoupling of Composite
Sparse-plus-Smooth problems

3. Conclusion



Conclusion and perspectives

Mathematics-aware numerical solvers:

e Principled (poly)atomic methods Chapters 3, 5
e Decoupled algorithms Chapter 6
e Sparsity-aware processing Chapter 8

Open questions:
e Resolution of the reconstruction and quantitative imaging
e More advanced traditional methods

e Mixed learning-based approaches

Adrian Jarret PhD Defense - 12.06.2025



Landscape of Linear

Inverse Problems Theory
Signal
recovery  Optimization
problems Convergence
Representer guarantee
theorems

Compressed
sensing

Atomic
methods

Implementation
of the methods

Adaptation to

new operators
Application-specific

requirements (RA)

Optimization Scalability
algorithms and speed

Algorithm
design

Application
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Contributions

[Chapter 3] Part | [Chapter 5] Part I

Polyatomic Frank-Wolfe Polyatomic Continuous-Domain
For the LASSO Reconstruction

Jarret A, Fageot J, Simeoni M, Jarret A, Rochinha-Chaves D, Denoyelle Q, Vetterli M,

“A Fast and Scalable Polyatomic Frank-Wolfe Algorithm for the LASSO”, Article in preparation.

IEEE Signal Processing Letters, 2022.
+ GRETSI 2022

[Chapter 6] Part Il [Chapter 8] Part il

Decoupling of Composite Radio Interferometric
Sparse-plus-Smooth problems Imaging with PolyCLEAN

Jarret A, Fageot J, Jarret A, Kashani S, Rué-Queralt J, Hurley P, Fageot J, Simeoni M,
“Decoupled Solution for Composite Sparse-plus-Smooth Inverse Problems”, “PolyCLEAN: Atomic optimization for super-resolution imaging and uncertainty
Submitted in June 2025. estimation in radio interferometry”,

Astronomy and Astrophysics, 2025
Jarret A, Costa V, Fageot J, 4 PRYSICS,

“A Decoupled Approach for Composite Sparse-Plus-Smooth Penalized Optimization”,
Proceeding of EUSIPCO 2024.
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Landscape of Linear
Inverse Problems

[1] PFW

[2] CD-PFW
[3] Composite
[4] PolyCLEAN

Adrian Jarret

Theory
Signal
recovery  Optimization
problems Convergence
Representer guarantee

theorems

Compressed
sensing

Atomic

Implementation
methods |

of the methods

Adaptation to

new operators
Application-specific

requirements (RA)

Optimization Scalability
algorithms and speed

Algorithm
design

Application
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=PFL | CAV

Thank you'!

Advisors and collaborators:

Martin Vetterli Sepand Kashani

Julien Fageot Quentin Denoyelle
Matthieu Simeoni David Rochinha-Chaves
Paul Hurley Valérie Costa

Labmates (past and present):
LCAV - IVRL - CenterforlImaging
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Supplementary slides

Adrian Jarret
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Penalized Optimization

Continuous-domain

Discrete problems
problems

.1 1
argmin |y — Ax|l; + R(x) argmin _ ||y — ()l +R(S)
x€RN —— feEM(R) o ——

| J J
Y

-~
Data-fidelity Data-fidelity

Penalty Penalty

LASSO" B-LASSO”
R(x) = Allx]1 R(f) = Al f]|m

[1] Tibshirani R. “Regression Shrinkage and Selection via the Lasso”, Journal of the Royal Statistical Society Series B (Methodological), 1996.
[2] Bredies K, Pikkarainen HK. “Inverse problems in spaces of measures”, ESAIM: COCV, 2013.
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2. Regularized Optimization (continued)

Representer theorem:*

L L
x* = E a;e; f* = E ai5azi

Benefits of the optimization approach:

e Implicit model e Understandability (objective function)

e Decorrelate methodology and e Principled: exact reconstruction in low
implementation noise regime

e \Versatility e Bayesian interpretation

[3] Unser M. “A Unifying Representer Theorem for Inverse Problems and Machine Learning”, Foundations of Computational Mathematics, 2020.
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1. The PolyCLEAN Journey

a. Polyatomic Frank-Wolfe
for the LASSO

b. A competitive Imaging Framework
2. Reconstruction beyond the Grid
a. Another Polyatomic Approach

b. Decoupling of Composite
Sparse-plus-Smooth problems

3. Conclusion



Inverse problem in radio astronomy

e Noisy measurements V = @I + ¢

e Ill-posed problem NUH((I)) # {0}

NN

——

e Huge volumes of data [ o

[8] Van der Veen et al. “Signal Processing for Radio Astronomy”, 2019
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Conventional solving methods

e The CLEAN family:

Simple and accelerated -> fast
Many variants:
o MS-CLEAN, MFS-CLEAN, ...
Long term standard
Calibration
X Sensitive to stop
X Nodenoising
X  Objective function unclear
X Physically impossible artefacts

Adrian Jarret
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B e The optimization methods:
Principled and controlled solutions
Optimization solvers
Versatile priors
Uncertainty quantification
Active field
Improved results
¥ Potentially slow to converge
¥  Numerically heavy
¥ Little adoption in the field
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The PolyCLEAN framework

1.

2.

3.

PolyCLEAN

LASSO

Polyatomic FW

HVOX forward operator

D

Adrian Jarret
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Benefits:
e Fastandscalable
e Accuracy of optimization
methods

e Dual certificate image
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1.

2.

3.

The PolyCLEAN Journey
a. Polyatomic Frank-Wolfe
For the LASSO
b. A competitive Imaging Framework

Reconstruction beyond the Grid

a. Another Polyatomic Approach

b. Decoupling of Composite
Sparse-plus-Smooth problems

Conclusion

Chapter 3




Simulations

Simulated LASSO
problem:

A c RLXK
y € RF
L =8K or 16K

Benefits:

o [Faster

o Dependency
on K

Adrian Jarret

LASSO value

LASSO value

—— APGD
V-FW
—— P-FW

K =100

K =200
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Time (s)

Time (s)

=N

10T
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1.

2.

3.

The PolyCLEAN Journey

a. Polyatomic Frank-Wolfe
for the LASSO

b. A Competitive Imaging Framework
Reconstruction beyond the Grid

a. Another Polyatomic Approach

b. Decoupling of Composite
Sparse-plus-Smooth problems

Conclusion

Chapter 8




1.

2. Reconstruction beyond the Grid

3.

The PolyCLEAN Journey

a. Polyatomic Frank-Wolfe
for the LASSO

b. A competitive Imaging Framework

a. Another Polyatomic Approach

b. Decoupling of Composite
Sparse-plus-Smooth problems

Conclusion

Chapter 4




1.

2. Reconstruction beyond the Grid

3.

The PolyCLEAN Journey

a. Polyatomic Frank-Wolfe
for the LASSO

b. A competitive Imaging Framework

a. Another Polyatomic Approach

b. Decoupling of Composite
Sparse-plus-Smooth problems

Conclusion

Chapter 5




The B-LASSO for Sparse Continuous-Domain Recovery

X = R
arg min —||y ®(m)||3 + Al|m| m
mG./\/l(X)
X = T¢
A = (Co(X), [|]le0)
MX)=B=A
|m||m = sup (m, o) = [|m|«

€Co(X), [[llco=1

mla,x] = a6y, ac€R xeX®  |ma,x]|m = |alh

[3] Unser M. “A Unifying Representer Theorem for Inverse Problems and Machine Learning”, Foundations of Computational Mathematics, 2020.
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The Sliding
Frank-Wolfe
Algorithm

Algorithm 5.3: Sliding Frank-Wolfe for the B-LASSO

1.a)

1.b)

2)

3)

Initialize: ag — [], X9 < []
for k=1,2,... do
Empirical dual certificate: ng_1 — 7 ®* (y— ®(my_1))

New impulse location:
Xj € argmax . y|n—1(x)
Update active locations:

my = mlag, Xg]

Xi—1/2 < Xk—1® X // Concatenation

Full correction of the amplitudes:

. 2
aj_1/2 € argmin j [ly— @, ,,,@]5+Alal,
acRNk
Sliding step:
Find a local minimum of the problem

. 1 2
(@, xp) € argmin = [|y—-®x_,,@];+Allal,
(a,x)eRNk x XNk
with initialization (@r_1/2,Xx_1/2).

Prune the active set:
Xj — Prune(ay,xj)

[5] Denoyelle Q et al. “The sliding Frank-Wolfe algorithm and its application to super-resolution microscopy”, Inverse Problems, 2019.

Adrian Jarret
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The Sliding
Frank-Wolfe
Algorithm

Algorithm 5.3: Sliding Frank-Wolfe for the B-LASSO

Initialize: ag — [], X9 < []
for k=1,2,... do

Empirical dual certificate: ng_1 — 7 ®* (y— ®(my_1))

1.a)

1.b)

New impulse location:
Xk € argmax e y[n -1 (x|
Update active locations:
Xp—1/2 < Xj—1 & X

my = mlag, Xg]

// Concatenation

Prune the active set:
Xj — Prune(ay,xj)

[5] Denoyelle Q et al. “The sliding Frank-Wolfe algorithm and its application to super-resolution microscopy”, Inverse Problems, 2019.

Adrian Jarret
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Algorithm 5.3: Sliding Frank-Wolfe for the B-LASSO

The Slldlng Initialize: ag — [], X9 < [] my = m[ak:,Xk]

Fl'ank-WOlI:e for k=1,2,... do
AlgOri th m Empirical dual certificate: ng_1 — 7 ®* (y— ®(my_1))

1.a) New impulse location:
Xk € argmax ¢ y|ng—1(x)|
1.b) Update active locations:
“Fully-Corrective Xp—1/2 — Xg—1 D Xx // Concatenation
Continuous-Domain 2) Full correction of the amplitudes:
Frank-Wolfe algorithm” a1/ € argmin 1 |y— @, ,@|>+Alal,

acRNk

Convergence:

P(my) — P* = O(1/k)

Prune the active set:
Xj — Prune(ay,xj)

[5] Denoyelle Q et al. “The sliding Frank-Wolfe algorithm and its application to super-resolution microscopy”, Inverse Problems, 2019.
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The Sliding
Frank-Wolfe
Algorithm

Finite steps exact
convergence
(under mild assumptions)

X Computationally heavy
steps
(candidate search and
sliding)

Algorithm 5.3: Sliding Frank-Wolfe for the B-LASSO

Initialize: ag — [], X9 < []
for k=1,2,... do

Empirical dual certificate: np_; < /lld)* (y—®(my_1))

my = mlag, Xg]

1.a) New impulse location:
Xk € argmax ¢ y|ng—1(x)|
1.b) Update active locations:
Xi—1/2 — Xj—1 D Xx // Concatenation
2) Full correction of the amplitudes:
. 2
aj_1/2 € argmin 3 |y - @y, ,, @]+ Alal,
acRNk
3) Sliding step:

Find a local minimum of the problem

. 1 2
(@, xp) € argmin = [|y—-®x_,,@];+Allal,
(a,x)eRNk x XNk

with initialization (ak_l/g,Xk_l/z) .

Prune the active set:
Xj — Prune(ay,xj)

[5] Denoyelle Q et al. “The sliding Frank-Wolfe algorithm and its application to super-resolution microscopy”, Inverse Problems, 2019.

Adrian Jarret
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The Sliding
Frank-Wolfe
Algorithm

Adrian Jarret

10.0 A

7.5 1

5.0 A

2.51

0.0 A

—2.54

10.0 A

7.5 1

5.0 A

2:5:1

0.0 1

-2.5

0.0 0.2 0.4 0.6 0.8 1.0

(a) no and x;

0.0 0.2 0.4 0.6 0.8 1.0

(c) m2 and x3
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10.0 1

7.5

5.0 A

2.5

0.0 1

—2.51

0.0 0.2 0.4 0.6 0.8 1.0

(b) 71 and x,

10.0 4

7.5 4

5.0

2.5 A

0.01

—2:5

0.0 0.2 0.4 0.6 0.8 1.0

(d) n3 and x4
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Our Polyatomic
Algorithm
(once again)

Adrian Jarret

Algorithm 5.4: Polyatomic Frank-Wolfe Algorithm for the B-LASSO

Initialize: my — Oprqx), So— @
for k=1,2,... do

Empirical dual certificate: ny_; < %(I)* (y—®(my-1))

1.a) Candidate search:
Ty —Find_candidates(ni-1)
1.b) Update active locations:
Xk-1/2 — Xg-1 ® L // Concatenation
2) Full correction of the amplitudes:

.1 2
ar_1/2 € argmin 3 |[y—®x,_,,, (@) [ +Alal,
acRMk

3) (Optional) Sliding step:
Find a local minimum of the problem

: 1 2
(ap,XK) € argmin  — [[y—-®@,_,, @]+ Allal;
(a,x) RNk x X Nk
with initialization (ar_1/2,Xr_1/2)-

Prune the active set:
Xj — Prune(aj,xy)
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Algorithm 5.4: Polyatomic Frank-Wolfe Algorithm for the B-LASSO

Our P.Olya tomlc Initialize: m0<—0M(X), 80<—(Z§
Algorithm for k=1,2,... do
(Once again) Empirical dual certificate: ng_; — %d)* (y— ®(my-1))

1.a) Candidate search:
Ty —Find_candidates(ni-1)

/ - -
/ 1.b) Update active locations:
Polyatomic Xg-1/2 < Xk-1 9 L

step

// Concatenation

Prune the active set:
Xj — Prune(aj,xy)

Adrian Jarret PhD Defense - 12.06.2025
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Algorithm 5.4: Polyatomic Frank-Wolfe Algorithm for the B-LASSO

Our P.Olya tomlc Initialize: m0<—0M(X), 80<—(Z§
Algorithm for k=1,2,... do
(Once again) Empirical dual certificate: ng_; — %d)* (y— ®(my-1))

1.a) Candidate search:

Ty —Find_candidates(ni-1)

/ . o
/ 1.b) Update active locations:
Polyatomic Xg-1/2 < Xk-1 9 L

step 2)

Full correction of the amplitudes:

. acjp€argmin y-o ., @ ||§ +Allall;

// Concatenation

Same full __— | acR

correction

Prune the active set:
Xj — Prune(aj,xy)

Adrian Jarret PhD Defense - 12.06.2025
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Our Polyatomic
Algorithm

Algorithm 5.4: Polyatomic Frank-Wolfe Algorithm for the B-LASSO

Initialize: my — Orqx), So — @

for k=1,2,... do

Empirical dual certificate: ng_1 — 7 ®@* (y— ®(mi_1))

(once again)

Polyatomic /

1.a)

Candidate search:
Ty —Find_candidates(ny-1)

step

Samefull __— |

correction

Optional ___——
sliding

1.b) Update active locations:
Xp_1/2 — Xp—1 9 L // Concatenation
2) Full correction of the amplitudes:
.1 2
|~ acpeargmin g ly- @y, @]+ Alall,
acR™Mk
3) (Optional) Sliding step:
Find a local minimum of the problem
g 1 2
I (ap,XK) € argmin  — [[y—-®@,_,, @]+ Allal;
(ax) RNk x XNk
with initialization (ar_1/2,Xr_1/2)-

Adrian Jarret

Prune the active set:
Xj — Prune(aj,xy)
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Choice of the atoms

1.a)

Candidate search:
Ty —Find_candidates(ni-1)

Critical step:
e Global optimality

e Relevant candidates (make progress)

e Spatial diversity

Local maxima

Target: of the dual certificate

Adrian Jarret

PhD Defense -

argmax [Ng-1(X)[| N Ly # @

xeX

Vx€Zly, INp-1(x)[=1

10.0 4
7.5 1

5.0

2.5 A
—2.54

0.0 0.2 0.4 0.6 0.8 1.0

(a) no and x;
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Candidate Selection Strategies

e Particles swarm optimization:
o Fast, Oth-order
o Initialization-dependent, lack of accuracy and stability

e Particles gradient descent (p-GD)

o Locally optimal
o Initialization-dependent, computationally heavy

e Smoothing initialization 4:
o  Filtering of non-relevant candidates 2

A

0.0 0.2 0.4 0.6 0.8 1.0
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Results in Simulations

—— SFW

—+— SFW_PSO
1 —— PFW

—+— SlidingPFW

102 4

Time (s)

10! 1

15 25 35 45 55 65 75
Number of impulses
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Results in Simulations

SFW SFW_PSO
102 4 4
% 104 E R—
]
€
=
100 - 1
—+— t_candidate —+— t_candidate
—+— t_correction —+— t_correction
1071 4 —— t_sliding E —+— t_sliding
PFW SlidingPFW
—— t_candidate —+— t_candidate
102 4 —+— t_correction 1 —— t_correction
—+— t_sliding —+— t_sliding + + ==
% 104 P et 5
s — ; — =
£
'_
100 4 1
1071 5 1
15 25 35 45 55 65 75 15 25 35 45 55 65 75

Number of impulses Number of impulses
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Conclusions

| PFW  SFW
Recovery time (s) 13.8 24.9
Time for:
. . . . . . - Candidate search 9.7 10.1
e PFW is fasterin challenging contexts (high dimensions, ~ Full correction 42 0.2
. . - Slidi — 14,
large number of Dirac impulses) liding °
. . Objective function (x10°) | 4.373 4370
e May be less precise than the reconstruction of SFW =
- parameter = 0.002 0.031 0.027
- parameter = 0.01 0.085 0.058

Alternatives and solutions (WlP)Z Results For 2D Gaussian measurements
e Mix a few sliding steps (akin to
minor/major cycles of CLEAN)
e Sparsify the solution (simplex algorithm)

0.55
0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.55 0.60 0.65 0.70 0.75 0.80 0.85
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1.

2. Reconstruction beyond the Grid

3.

The PolyCLEAN Journey

a. Polyatomic Frank-Wolfe
for the LASSO

b. A competitive Imaging Framework

a. Another Polyatomic Approach

b. Decoupling of Composite
Sparse-plus-Smooth problems

Conclusion

Chapter 6




Composite Sparse-plus-Smooth Problems
y =®(51 +s2)+n Smooth background

1 A2
arg min §||y — P(s; + 82)||% + M| La(si) | + ?||L2(32)H%2

1,82

Representer theorem”: " fa

alI ‘Ll_li

° 5]

e s5; — Smooth quadratic solution

[13] Debarre T et al.”Continuous-Domain Formulation of Inverse Problems for Composite Sparse-Plus-Smooth Signals”, /IEEE Open Journal of Signal Processing, 2021.
[14] Unser M et al., “Splines Are Universal Solutions of Linear Inverse Problems with Generalized TV Regularization”, SIAM Review, 2017.
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Composite Sparse-plus-Smooth Problems

y =®(51 +s2)+n Smooth background
.1 A2
arg min = ||y — ®(s1 + s2)|l3 + Al sillm+ Sl s2ll7,
Sl,e2 2 2
Representer theorem”: —

S1 — m[ﬁ, ﬁ]

. o ! 1

S1 BEIRE

&S

D s */\
e 55 — Smooth quadratic solution So = @™ u

[13] Debarre T et al.”Continuous-Domain Formulation of Inverse Problems for Composite Sparse-Plus-Smooth Signals”, /IEEE Open Journal of Signal Processing, 2021.
[14] Unser M et al., “Splines Are Universal Solutions of Linear Inverse Problems with Generalized TV Regularization”, SIAM Review, 2017.
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Our Decoupling Representer Theorem

1
arg min ||y — ®(s1 + s2) I3 + A1

S1 ,SQEBXH

siliB|l+ =

r o1 —
5, € arg min §HM>\22 (y — ®(s )13+ Mlls1 |5

52117

s1€EB M2:=i(<1>{>*+u)
[Theorem 6.1] < SR o
- 1 . 1 w=®(5)
so = —P*M; (y —w)
\ A2
—  Decoupled reconstruction procedure
Consequences:
—  Scaling of regularization parameters

Adrian Jarret
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Decoupling for Hilbert-plus-Banach Problems

Consequences:

Adrian Jarret

1
M, =—

(®®" + 1211)

Theorem 6.1. Let y e RE, 11,1, >0, ® € (AnH)E. Then, the solution set W(A1,A2) is
non-empty, convex, and weak*-compact in Bx H. Moreover, we can write

W1, A2) = V(Mz,, A1) x {fo) (6.14)

with
VM, ) = argmin M (- @) + Al (6.15)
(6.16)

~ 1 *xna—1
$ = l_zd) M, (y-w),

where the vector w = ®(51) is unique and independent of the solution 51 € V(My,, A1).

Decoupled reconstruction procedure

e Scaling of regularization parameters

PhD Defense - 12.06.2025
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Scaling of Reqgularization Parameters

Proposition 6.3 (Maximum value of A;). Let X be a continuous domain X =R? or X =T¢
for d e N*.

We consider the composite optimization problem (6.12) where B=M(X) and |-z = Il m-
We define

Momax = 19 M} ylloo

i o . (6.18)
=110 (@@ + A21L) Yllco-

For any A1 = A1 max, the solution set for the Banach component is reduced to the singleton
zero

V(My,, A1) = (0}

and Problem (6.12) is equivalent to a single-component Hilbert problem.
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Simple reconstruction - Simulation

Ground
truth

Measurements

Adrian Jarret

120 A

100

404
301
[ ]

204

L
‘ I { | { )
_______ I - 0«

0.0 0.2 d4 dG dB ﬁO 0.0 0.2 0.4 0.6 0.8 1.0

404

301

204

10 A
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Simple reconstruction - Results

®

Ground !
truth ‘

‘i

2.0
1.5
1.0 1

Reconstruction

0.51

e rh‘ j
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Simple reconstruction - Results

Ground
truth

Reconstruction

Adrian Jarret

300

2501

200 -

150 4

100 A

501

0

0.0 0.2 0.4 06 0.8 1.0 0.0 02 0.4 06 08 10
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Comparison with single-component reconstruction

arg min
s1€B

Adrian Jarret

o
9 Yy

B(s1)|I3

+ A1lls1lls

’ Al,max

250 A

200 A

150 A

100 A

50 1

250 4

200 A

150 A

100 A

50 4

Source image

A factor: 0.20

A factor: 0.30

A factor: 0.40

0.0 0.2 0.4 0.6 0.8
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Comparison with non-decoupled solving AL

D (sl
= 103_
h\/ o P SSO —¥— BLASSO
—&— Composite —&— Composite
—e— NDCP-Composite —e— NDCP-Composite
% 10%4 @ 102
Q
QEJ kv——-‘\,\_ — £
= i =
._\/‘/‘/‘ 104
101“ . . . . . . . . T T T T T T T T T
05 10 15 20 25 30 35 40 D e s S S
Contrast ri5 uper-resolution factor sr
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Bonus: Discrete Problems with Operators

x1,x2 ERN

arg min 5 ly — A(xi +x2)[l3 + A1 || Laxal, + 52

||L2X2||2

[8]
Theorem 18(RT for the composite problem (P;3)). Under
Assumptions and |3| the solution set V of (Pi2) can be

written as the Cartesian product

V:V1XV2

where :
1) The sparse variable x1 belongs to the set V; defined as

1 T
V) = argmin { 2 (y — Ax1)” My, (y — Ax)

x1 ERY + A1 [ Laxq |l

(P1)

T —1
with My, = AoAs (AA + AQAZ) ;

2) All the sparse component solutions share the same
measurement vector, that is there exists y € CY such
that any x] € V, satisfies Ax] =y ;

3) The smooth component solution is unique and indepen-
dent of the sparse component, so that Vo = {x5}. X} is
the unique solution of the minimization problem

argmm Hy y — AX2H2+_HL2X2“2a (P2)
XQER

~1 s

given by x5 = AT (AAT + XoA3)  (y —¥).

[8] Jarret A et al. “A Decoupled Approach for Composite Sparse-Plus-Smooth Penalized Optimization”, 32nd European Signal Processing Conference (EUSIPCO), 2024
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Bonus: Discrete Problems with Operators

arg min 5 ly — A(x1 +x2)[l3 + A\ [[Laxall, + = HL2X2||2

x1,x2 ERN

Assumption 3. The vector space ker (A)" is an invariant
subspace of the operation LI Ly, i.e., the following holds:
x € ker (A)" = LILyx € ker (A)™

Assumption 1. The forward matrix A € REXYN is surjective,
i.e., has full row rank, so that AAT s invertible.

Assumption 2. The nullspaces of the forward matrix and the
regularization matrix Ly € RM2XN have a trivial intersection,

that is ker A Nker Ly, = {0} . Ay = (AAT)_l ALIL,AT. (1)

Under Assumption[1] we define the matrix Ay € REXE as

[8] Jarret A et al. “A Decoupled Approach for Composite Sparse-Plus-Smooth Penalized Optimization”, 32nd European Signal Processing Conference (EUSIPCO), 2024
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